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We describe the deformed Poincare-conformal symmetries implying the covariance 
of the noncommutative space obeying Snyder's algebra. Relativistic particle models 
invariant under these deformed symmetries are presented. A gauge (reparametri- 
sation) independent derivation of Snyder's algebra from such models is given. The 
algebraic transformations relating the deformed symmetries with the usual (un- 
deformed) ones are provided. Finally, an alternative form of an action yielding 
Snyder's algebra is discussed where the mass of a relativistic particle gets identified 
with the inverse of the noncommutativity parameter. 

1 Introduction 

Considerations based on quantum gravity and black hole physics strongly indicate that, at the 
smallest scale, space-time coordinates become noncommutative PQ. In general the commutator 
among the coordinates is written as^ 



where the measure of noncommutativity Of^i, is taken to be a function of the phase space 
variables. String theory also supports relations like [2] . 

There are some crucial issues related with the application of to physical models. In 
standard relativistic theory a non vanishing O^^, can and does break Poincare symmetries[3 , 4J. 
Likewise for massless models, conformal symmetries are affected. However it might be possible 
to introduce quantum deformations of these symmetries such that the particular form of the 
commutator remains covariant. This has been discussed in great details, for a constant 6f^,y, 
using either higher order differential operators [3 13 El 1^ or twist functions following from 
quantum group arguments ITUIIII]. For Lie algebraic and quadratic deformations in ((T)), such 
an analysis was done in [T^ . 

Once the deformed symmetries have been defined the next issue concerns the formulation of 
models with noncommutative space-time coordinates invariant under these deformations. One 
can of course provide a construction of such models but, lacking a definite prescription, these 
would be feasible in only the simplest cases, like a constant 6'j„, |13| IT^. 
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In this paper we present an approach to the above problems where the noncommutativity 
in ((H) is governed by the Snyder algebrap^, instead of constant 6*^,^. An algebraic approach, 
quite distinct from using either the higher order derivatives or twist functions, is developed. The 
complete deformed conformal Poincare transformations are obtained. The generators yielding 
these deformed transformations are found. Although the generators are deformed, they satisfy 
the usual algebra. An explicit algebraic mapping connecting the deformed with the usual 
(undeformed) transformations is derived. We also construct relativistic particle models that 
are invariant under the deformed symmetries. 

In section 2 we introduce the Snyder space. The usual discrete (P,T) symmetries are shown 
to be satisfied. Next, the Poincare symmetries are considered. A deformed translation sym- 
metry is necessary for preserving covariance of the Snyder algebra. Based on this analysis, a 
dynamical model invariant under the deformation is formulated in section 3. This model has 
a deformed symplectic structure. Using Dirac'sjE] constraint analysis and the svmplectic|17j 
approach, the deformed brackets are computed. Either method shows that these brackets are 
just Snyder's brackets - the classical version of the commutator algebra. In section 4 we show 
that the deformed generators are also obtained from Noether's theorem. Section 5 gives the al- 
gebraic map between the variables satisfying the Snyder algebra and the standard commutative 
algebra. Both classical and quantum aspects are dealt. Also, a momentum representation of 
the generators in Snyder space is given. Section 6 extends our analysis to the conformal sector. 
An alternative form of an action, which describes a massive relativistic particle, yielding the 
Snyder algebra is discussed in section 7. We find that the mass of the particle gets identified 
with the inverse square root of the noncommutativity parameter. Our final remarks are given 
in section 8. 

2 The Snyder Space and its Symmetries 

The Snyder^] algebra for the position and the momentum operators is given by 



where are the noncommutative coordinates and 9 is measure of the noncommutativity. 
It was originally obtained by a dimensional descent from five dimensions and involves the 
angular momentum in the algebra of the non commuting coordinates. Taking the momentum 
operators commuting, as in the usual space, naturally leads to a deformed algebra among y — q, 
therefore ensuring the validity of the various Jacobi identities. It leads to a discrete space time 
compatible with Lorentz symmetry. Apart from its intrinsic interest this algebra has relevance 
in various contexts. For instance, a similar algebra is also obtained from quantum gravity in 
2 + 1 dimensions 18 . There also exits a mapping between the Snyder space and /^-Minkowski 
space-time[19j which is frequently used in analysing doubly special relativity. 
We now study the different symmetries associated with the Snyder Algebra. 

2.1 Discrete (P, T) Symmetries 

First the discrete symmetries are considered. Under the time reversal (T) operation, which is 
anti-linear, in the Wigner sense. 
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the above algebra is invariant. 

Similarly, under the parity (P) transformation, which is linear. 



the above algebra again remains invariant. Thus both P and T symmetries are independently 
satisfied and no deformations are required. This may be compared with the algebra for a 
constant 6^^ where these symmetries may be violated ^20} 1^ 1^ . 



2.2 Lorentz Symmetry 

By its very construction the algebra (j21) is compatible with standard Lorentz transformations, 

% = ^t,aq°'- (6) 

with = —i^a^i- This is checked in the following way. Consider the variation in the first 
relation, 

The same expression is obtained by considering the variation on the r.h.s of that relation, 

te6{rr-rr) = teu^''{y^(r-rq^)-ieu''''{M^-rqa). (s) 

An identical treatment follows for the other two relations. This is sufficient to ensure con- 
sistency of the Lorentz transformations. Expectedly, the generator retains its primitive (unde- 
formed) structure, 

J^iv = iJt^qv - yy% (9) 

so that, 



^ a/3 



% = 2^ 



JaU^y^i =^^^laT (10) 



and similarly for q^. 

2.3 Translation Symmetry 

The explicit presence of the phase space variables in the algebra hints at a possible deformation 
in the translation symmetry^. 

To begin with we take the transformation law for translation identical with the commutative 
space rule, 

^jjt, = (11) 
% = 0. (12) 

One can easily check that this rule is not compatible with the first relation in the Snyder 
algebra. So we must change the transformation rule to achieve consistency. 

As a trial solution, general expressions of and which are dimensionally consistent are 
taken as 

SVf, = + aOttf^f + (30apqPq^ (13) 
5qp = 0. (14) 

Note that the transformation rule for q^ is kept undeformed since it is still commutative. 

^This may be compared with the constant 9^^ case of ^ where translation symmetry is preserved but 
Lorentz symmetry is broken. 



Consistency with the Snyder algebra fixes a = and /? = 1 . So the deformed transformation 
rule for the translation operator in Snyder space is given by, 



Sq^ = 0. 



(15) 
(16) 



Although we have a deformed transformation rule for translation, the generator remains the 
same as in the commutative space. To emphasize this point we note that 
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ia''[qp,y^ 



+ OaPqpq''. 



(17) 



and likewise for q^. 

Thus the Poincare generators in Snyder space and usual commutative space are form invari- 
ant. However, whereas Lorentz transformation remains undeformed, translation get deformed. 
Finally, in spite of the involved algebra these generators satisfy the usual Poincare algebra. 
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3 Dynamical Models Invariant Under Deformation and 
the Snyder Algebra 

Here a nontrivial application of the deformed symmetries is provided. Specifically, we discuss a 
method by which dynamical models can be constructed to yield, from their symplectic structure, 
the Snyder algebra. Several authors [2S1 1211 1211 121] have suggested various models leading to 
this algebra but they lack a clear cut guiding principle. This is further exemplified by the fact 
that the results are obtained in a specific gauge. The Snyder algebra therefore occurs as an 
artefact of the gauge rather than something fundamental. 

We adopt the following strategy. A dynamical model is constructed that is invariant under 
the deformed (translation) symmetry. The ensuing model has an involved symplectic structure 
which is elucidated by both the Dirac and symplectic approaches. A calculation of the Dirac (or 
symplectic) brackets yields Snyder algebra. No gauge (or reparametrisation) fixing is necessary. 
It is also reassuring to note that, following a Noether approach, we show that the Poincare 
generators remain form invariant, exactly as discussed in the previous section. 

Consider the following first order form of the action for a relativistic free particle of mass m, 

S = j dT[-q^y,-e{q^-m^)] (19) 

where e is a Lagrange multiplier enforcing the Einstein condition q^ — m? = 0. 

Since the Lorentz transformation is undeformed, obviously ()19p remains invariant. Under 
translation however, 

SS = J dT[-r{ap + 9apq''q^)] (20) 
= j dr[-^{q>'a,)-9apq^q,q^] (21) 



obtained on exploiting (|15|) . The additional symmetry breaking term can be written as, 

Oapq%r = e{6yp-ea^q''qp)q%r (22) 
= 05[y,q%r] - 0'6[y^q''qH%] + e'5[y^q''iqYrq,] + ■■■ (23) 

= OS[^^^{y ■ q)q^q,] (24) 

where recursive use of p5|) and (fT^ has been done. 

It is clear that by introducing the term inside the parentheses in the action, invariance under 
deformed translations would be preserved^. Thus the relevant action is given by, 

S = J dT[-ry, + Y^iy-q)rq, - e(g' - m% (25) 

This is invariant under Lorentz transformations, 

6S = (26) 
and quasi-invariant under deformed translations. 



6S = I dT[-^{a^q,)]. 



3.1 Dirac's Constraint Analysis 



(27) 



We interpret y and q of the first order action (j25jl as the configuration variables in an extended 
space. The canonical momentum conjugate to y, q and e are. 
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7I"e = ^ = 0. 
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Since none of the momenta involve velocities these have to be interpreted, following DiracfTBj. 
as primary constraints. These are given by 

$ = TTe ^ (28) 
= < ^ (29) 

g 

$2,^ = < + - Y:^(y-i)^^ ~ 0- (30) 

The Poisson algebra of the constraints is given by 

= 4 = {$,$2,4 = (31) 

{$i,^,$i,.} = (32) 





{$2,/., $2,.} = Y:p^(9-?/M - (It^Vu)- (34) 



^Actually a total time derivative ^(—g'^ap) remains but this is allowed. It is in fact related to the generator, 
as shown later. 



Because the algebra of the constraints and $2,/^ does not close, they form a second class 
set. This set can be eliminated as shown later, by the use of Dirac brackets. 

Since the action given in ()25|) is first order, the canonical Hamiltonian of the system can be 
written easily 

He = e{q^ -m^). (35) 
Following Dirac the total Hamiltonian is given by 

Ht = e(g2 - m^) + A<l> + Ai,^<l>i,^ + A2,^$2,m- (36) 
Time consistency of the constraint (f^H|) leads to the following secondary constraint 

^ = {Ht, TTe} = g2 _ ^2 _ g_ (^37^) 

The second class constraint sector $i,$2 is next eliminated by using Dirac brackets. The 
first step is to compute the constraint matrix. 



+ 



(38) 
(39) 

We write the inverse of A^^, as A^'^ such that A^^Ajk^up = 5^^ ^ = 1, 2). It is given by 

\ -r/'^'' - Oq^'q" ) " ^ ^ 

At this point one can calculate the various Dirac brackets using the definition 

{/, 9}db = {/, g} - {/, $.,^}Ai;^{$,,,, g}. (41) 
For our model the Dirac brackets among the configuration space variables are 

{l/^2/"}DB = ^(2/'^g"-l/V) 

{q^,qu}DB = (42) 
{y^,qu}DB = Si^ + Oq^q.. 



This algebra is basically the classical version of the Snyder algebra given in Q. In order to 
elevate this algebra at the operator level we note that there is no ordering problem. Since q s 
commutes among themselves there is no problem in the algebra between y'^ and q^- Furthermore 
the difference between y^q" and q'^y'^ is symmetrical in /i, u. Since the bracket between and y'^ 
is antisymmetric in /i, u there is no ordering problem in this case also. Consequently the Dirac 
brackets (jl^ get lifted to the commutators (0) without ordering ambiguities. A generalized 
version of Snyder algebra, where both y and q are noncommuting, has been discussed in [77j . 

Since the constraint $ is the canonical conjugate momentum of the Lagrange multiplier e, 
it is not physically important. On the other hand the secondary constraint \1/ has vanishing 
Dirac brackets with all constraints, 

{^,^}^b = {^,$}db = (43) 
= {^,$2,A.}Di? = 0. (44) 



Therefore the constraint \& is first class and hence the generator of gauge (reparametrisation) 
transformation. 



It is now useful to note that and J^j^y are gauge invariant variables since, 

{g/.,(g'-^')}DB = (45) 
{J^,,(g2-m2)}^5 = 0. (46) 

For this reason the Dirac algebra and Poisson algebra involving and J^j^ are identical. Since 
their Poisson algebra leads to the usual Poincare algebra it is clear that their Dirac algebra also 
yields the same Poincare algebra. It gives a dynamical explanation of the fact that J^i, and 
satisfy the undeformed Poincare algebra inspite of the deformed algebra Q of its composites. 
The argument is equally valid at the quantum level since and may be elevated to 
commutators by 

[g„ {<f - m')] = (47) 
[J,,, {(f - m")] = (48) 

which may be easily verified by using the basic algebra. 



3.2 Symplectic Analysis 

As is well known there is an alternative (and occasionally quicker than Dirac's) method of 
getting the basic brackets. This is the symplectic approach|17j and is geared for first order 
systems. In this method everything is obtained from the equations of motion and the obtention 
or classification of constraints is redundant. 

The equations of motion obtained from ()25p are 



- = (49) 



e_ 

1 +^g2 

Q 

These equations of motion can be written in the form 

^^ij,fj,u<,j,i' \'^^) 

where 

= ^/^ (52) 

and Ajj^^jy is given in ()39|1 . The canonical Hamiltonian He is defined in (j35|) . 
The symplectic brackets are given by 

{f,g}sB = Kf^^,af^J,pg (53) 

where 

^o. = ^ (54) 



and A° is given in pn|l . So the relevant symplectic brackets are 



{?/^2/''}5B = ^(?/^g'^-yV) 

{qt^,qu}sB = o (55) 

{y'',qu}sB = Si^ + 9q^qu- 



The symplectic brackets are identical with the Dirac brackets and generate the classical version 
of the Snyder algebra given in (j2I). 



4 Noether's Theorem and Generators 

It is possible to reproduce the Poincare generators from a Noether analysis of ()25p. This 
provides a link between the algebraic way of obtaining the generators in section 2 and the 
dynamical method. 

In general, the invariance of an action S under an infinitesimal symmetry transformation, 

SQ^ = {Q^,G} (56) 

is given by 



5S= I dT-^{6Q''P,,-G) (57) 



where G is the generator of the transformation and is the canonical momenta conjugate to 
Q^. If the quantity inside the parentheses is denoted by B{Q, P), then the generator is defined 
as, 

G = SQ'^P^ - B. (58) 
For the model ()25|) both y, q are interpreted as configuration space variables so that, 

G = Sq^TTl^ + 6yV^ - B. (59) 
This is further simplified on using the constraints (j29|) . (j30|l to yield. 



e 

iVOq^ 



G = ^^'{-mniiy ■ - Vf^) - B. (60) 



Translations 

For translations (fT^ and ()27|) reveal that, 

(JgA* = 0, 5 = -a'^g^ (61) 

so that, 

G = a^q^ (62) 

yielding the cherished expression. 
Rotations : 

For rotations Sq'^ is given by (jH)) while B = since the Lagrangian itself is manifestly invariant 
{6L = 0). Hence we get. 



G = U}''"qa{ ^^^^^ {yq)qf,~yf,) 



2 

which is the desired form of the rotation generator. 



-u^"'qay^, 

Jafi (63) 



5 Mapping Between Deformed and Usual Symmetries 

In this section we discuss algebraic transformations mapping the deformed symmetries with the 
primitive (undeformed) ones. This is obtained by comparing the actions ()19|) and ((23) • The 
action (fTn|l satisfies the undeformed symmetries while satisfies their deformed versions. 
Now is rewritten in terms of canonical variables {x,p) so that, 



(64) 



with, 

= 5^,, = {p^,p,} = (65) 

Also, under translations and Lorentz transformations, 

3x^' = a^, % = (66) 
= uj^'^Xo., % = (67) 

Then the actions (jMjl and are mapped by the transformations, 

Q 

= rr^^^'^^^'' ^^^^ 

Pi, = %- (69) 



The maps preserve the stability of the infinitesimal Poincare transformations. For instance, 
using (fT3jl and (fTBj) we obtain for translations. 



Q 

^ivi^- Y:^roq^iy-<i)(i,^) = at. = 6x^ (7o) 



thereby verifying our assertion. Rotations are trivially preserved. 
The inverse map is given by, 

y^, = x^ + 9{x ■ p)pi, (71) 
1,1 =Pt^- (72) 

The classical Snyder algebra follows from the above relations by using the canonical algebra 

{y>^,q,} = {x'^ + e{x-p)p'^,p,} (73) 
= Si: + eq^q. (74) 

and likewise for the other brackets. 

It is feasible to construct operator analogue of the maps (j68p . (j69p by giving an ordering 
prescription. Using the Weyl (symmetric) ordering, we get, 

B n^n 1 

x>' = y^ - -[ ^ ' r + q^'qpV 

^ 8^1 + 6*^2^ y ypy ^ _^ 



S2 



The inverse transformation is found to be, 

which is just the Weyl ordered form of (f7T|) . (f72|) . 

A shghtly lengthy computation reveals that the quantum Snyder algebra (0) as a commutator 
algebra follows from (fTBj) by using the standard canonical commutators involving x and p. 

It is also possible to prove, once again after some algebra, the operator identity obtained 
from lffBj) . 

XpPu - XuPf, = Vf^Qu - i/uqfi = Jfiu (77) 

which illustrates the form invariance of the angular momentum generator. It also provides 
another explanation of the fact that the Poincare generators in the Snyder basis satisfy the 
usual algebra. 



Representation : 

It is possible to give a particular representation for the operators y^, q^- Since the momenta 
(g^) commute, momentum representation is favored. One may verify that the differential rep- 
resentation of the operators leading to the Snyder algebra (0) is given by, 

■f 9 ^ d \ 

This representation was also obtained in|27J. Moreover the space part of these relations had 
occurred earlier in a different context j2H]- As an application of this representation, the identity 
(fTTj) is reproduced. The angular momentum operator is represented as, 

J/^u = y^lqu - yu% (80) 
= quVt^-qtiVu (81) 

which just corresponds to the usual (momentum space) representation of angular momentum 
in the commutative space. 



(78) 
(79) 



6 Deformed Conformal Symmetry 

After discussing the translational and the Lorentz symmetry we next consider deformations in 
the dilatation and the special conformal transformation. First an algebraic analysis is considered 
which is followed by a dynamical treatment related to the action ()25|1 . 

6.1 Dilatation Symmetry 

Let us begin by treating the usual transformations under dilatation, 

5?/. = -e^M 



(83) 
(84) 



It is clear that covariance of only the last relation in Q is preserved. Thus although the 
transformation for is unmodified, that for must be deformed. We take as an ansatz 



Then demanding covariance of the second relation in Q one obtains, 



-2i9eq^qu 



which yields 



[QiiAA = -2i6q^qi,. 
Up to an ordering ambiguity a solution for is given by 

2^(y ■ q)% 



l + 9q^ 



(85) 

(86) 
(87) 

(88) 
(89) 



The ambiguity is fixed by requiring covariance of the — y,y bracket in Q leading to the 
following transformation law. 



The dilatation generator yielding the deformed transformations is given by. 



6 = i|«,- 



+ 



1 + 



-,yp\ 



so that 



-ie[q^,b] = -e%, 



Oq- 



(90) 

(91) 

(92) 
(93) 



In the limit ^ ^ 0, it reduces to the standard expression. The same result also follows on using 
the undeformed generators, 

D=^[x% + ppxP] (94) 
and using the transformations (f73j). (fTBj) which leads to the operator identity. 



1 + 



+ 



(95) 



Interpreted in this manner it is obvious that although D in ()91|) is deformed, the correspond- 
ing algebra of generators remains the same 



D,D 

D 1 J ^ly 





^% 

= 0. 



(96) 
(97) 
(98) 



6.2 Dynamical treatment 



We next consider the dynamical model ()25p and study its classical invariance under the de- 
formed dilatation transformation. We therefore take its massless version, 

S = J dr[-ry, + Y^iy.qWq, - eq']. (99) 

Since the demonstration of this invariance has certain distinctive features we provide some 
computational details. 

The variations of the individual pieces turn out to be 



-eS{q^) = 2eeg^ 

i + eq 

9 16 



Therefore the total variation in the Lagrangian is given by 

SL = 2eeq^. (100) 

This variation cannot be expressed as a total time derivative. However if we pass to the 
constraint shell (|37|) which in this case is given by = 0, invariance is achieved, 6L = 0. It is 
relevant to note that had the mass term been included in the original Lagrangian, its variation 
would still be given by pOO|l . In that case q^ = ^ and there is no invariance. This is 
compatible with the observation that dilatation symmetry is broken for massive theories. 

We can reconstruct the dilatation generator by using Noether's theorem. Using ()60p. the 
variation (j84|l and 5 = (since = 0), we obtain. 



l + 9q^ 

^{y ■ q) 

l + 9q'^ 



(101) 



It is possible to construct the operator analogue of the above generator by following the 
Weyl ordered prescription. 

The last two terms combine to give first two terms so that the final expression exactly agrees 
with (jnH). 

Further, to see whether the dilatation generator is gauge invariant or not, we calculate 
{D,q'^}DB and the result is 

{D,q^}DB = 2q^. (103) 

Here also we see that right hand side of above equation is proportional to g^. Therefore on the 
mass-shell constraint the Dirac bracket of D with q"^ vanishes and hence we conclude that D 
is a gauge invariant object. Hence, in spite of the deformation, the algebra of generators ()96p . 
(P7j) and (jUHj) remains the same. This was also inferred earlier from different considerations. 
Note that the algebra ()103|) is also valid at the commutator level. From the basic algebra © 
it can be shown that 

[D,f] = 2if. (104) 



6.3 Special Conformal Symmetry 

Here we discuss the deformed special conformal transformations. Since the computations are 
quite involved, we adopt a classical treatment that makes the results transparent. Also, instead 
of proceeding from the basic requirement of preserving the covariance of the Snyder algebra, 
we exploit the transformations ()fi8j) . ()fi9j) to directly construct the deformed generator from 
the usual expression. After getting the deformed generator, covariance of the Snyder algebra is 
shown. 

In the ordinary commutative space the generator for the special conformal transformation 
is given by, 

= 2x^{x%) - x^p^. (105) 

Using (jnH)) the deformed generator is computed from the above equation by a simple 
substitution, 

Kf, = -y^q,, + 2y^{y-q)Y^^. 

(106) 

The transformation rules for the deformed conformal transformation are given by 

Sq, = e-^{q,,K} ^^^^^ 

where is a constant infinitesimal parameter corresponding to the special conformal transfor- 
mation. Using the classical Snyder algebra ()42|) we obtain 



% = {Sy^qf^qu - y^S^u - 60{y^q^){y ■ q)^-^^ 

% = {2y^q.-2y,q,-2{yq)^-^S^,}e''. (109) 

These are the deformed conformal transformations. Expectedly in the limit ^ ^ these reduce 
to the familiar structures in commutative space. From these transformations it is found that 

s{y'',y''}DB = + 

Hqi^^q'^}DB = ^ ^ 

%^UDB = SiSi^ + Oq^^q,). 

This is sufficient to prove that the compatibility of the deformed transformation with the Snyder 
brackets. Finally, we verify the invariance of the action ()99|) under the deformed transforma- 
tions. As shown earlier for the other generators, this also allows an alternative derivation of 
the conformal generator using Noether's theorem. 

We first calculate the variation of the individual pieces in the action (jnTljl 

-Kq.yn = {^{y\-2Dy,)+2y,^y^^-2y, 

-e{q ■ q)K, + ^{-2dy^q'D + e'D\\) 
+ {0'D'q, - ^(-2%^ + 0'D\)]q'}e^, 



~e5{q^) = {Aeq'ieDq,-y,)}e''. (Ill) 

Some terms are expressible as a total time derivative which are retained since these will be 
useful in obtaining the generator. Terms not expressible in this way drop out for = 0. 
Combining all terms, we obtain, 

6L = ^[K,e^] (112) 

where is given in ()106p . 

As in the case of dilatation it is necessary to pass to the mass shell constraint = to 
get the invariance of the action. Of course for massive theories q^ = rn? ^ this invariance is 
broken. 



Noether's theorem and generator : 

The generator of deformed symmetry is alternatively computed from Noether's theorem using 
the definition (j^OI) . The variation 5q^ is obtained from ()l()9j) while B is abstracted from ()112j) . 
We find, 

G = 2e''{y^q,-y,q^- y^^d^,){e^^^^q^-y^) -e'^K, 

= e'K, (113) 

thereby reproducing the desired definition of the deformed generator given in ()lU6p 
Further, we have verified that 

{K,,q^}DB = i^0\,{yq)q'-A9{yq)q, + 2y,)q'. (114) 

Hence, on the mass-shell constraint = 0, K^j^ is a gauge invariant object. 

The deformed generators obviously satisfy the complete (usual) conformal algebra. 

7 Snyder Algebra from Alternative Action 

The deformed symmetries preserving compatibility with the Snyder algebra were used to yield 
an action that possessed these symmetries. The symplectic structure of this first order action 
naturally yielded the Snyder algebra. In this section we propose an alternative form of the action 
which leads to the same algebra. This approach is more in tune with the conventional spirit 
but with important differences, where different actions 1211 1211 1211 have been suggested to 
yield the Snyder algebra. Usually the original action has a reparametrisation invariance which 
is eliminated by an appropriate choice of gauge. The Dirac brackets computed in the gauge 
fixed (reduced) space then correspond to Q. In our approach, on the contrary, no gauge 
fixing is required and the cherished algebra follows naturally. The second point is that in usual 
approaches, the noncommutativity parameter 6 is introduced by hand. In our analysis this 
parameter gets identified as ^ ~ ^ where m is the mass of a relativistic particle. 
Our proposed action is given by, 

^ ^ I ^'-^'^''^^ 

m I dT^/g~iJ^if (115) 



where 



and (116) 

9^,u = Viiu - (117) 

= y'^y, = r^.xy^y\ (118) 

Since the space-time coordinate y^{T) transforms as a scalar under reparametrisation 

r ^ r' = T (r) (119) 

y^{T) ^ y'^{T') = y^ir) (120) 

it is easy to verify that the system is reparametrisation invariant. 
Note that g^u acts hke a projection operator in the sense that 

g,p9ii = 9pu « = v^'gpu) (121) 

y^Qpu = 0. (122) 



The canonical momentum is defined as, 



dL 



= rn ^^"^ . (123) 

Using ()121|) and ()122p one immediately gets the following primary constraints, 

01 = g2 _ ^2 _ g (^^24) 

02 = q^yp ~ 0. (125) 

The first constraint is the well known Einstein's relation for a relativistic particle of mass 
m. The second constraint is basically a transversality condition. It is interesting to note 
that this constraint does not involve the proper time so that reparametrisation invariance is 
kept intact. However the constraints do not close ({0i,02} = — 2g^ = — 2m^) so that the 
symplectic structure is deformed. The deformed brackets are now computed by the standard 
Dirac procedure. 



The constraint matrix is given by, 

A = 



{01, 0l} {01,02} 
{02, 0l} {02,02} 



-2m- 
^2m2 

Its inverse is 



'2m? 

Following ()4H) the Dirac brackets are computed. They are given by 



(126) 



1 



A-^ = ( 2m2 ] (127) 



{y^,, yu}DB = -j^iyfiQu - yvq^) 

{y^^, qu]DB = V - l^^t^l^ (128) 
{q^^,qu}DB = 0. 



HT = \i{q^-m^) + \2q^y^ 
where Ai, A2 are the Lagrange multiphers. The action is defined as, 



This algebra reproduces the Snyder algebra under the identification 9 = — Thus the 

relativistic action (jllSj) of mass m = \J —\ basically describes the Snyder particle. 

To show the internal consistency one can calculate the action from the constraints. The 
canonical Hamiltonian of the system, 

He = q>.r -L = (129) 

vanishes, revealing its reparametrisation invariance. Hence the total Hamiltonian is just a linear 
combination of the primary constraints ()124j) and p25j) . 

(130) 

(131) 
(132) 

(133) 

(134) 
(135) 

(136) 



= JdT{q^y,-X,{q' 



m 



'■) - >^2q'y,) ■ 



One can eliminate from the above action by using its equation of motion. 



The equations of motion for Ai and A2 are. 



^ 2m 



2Ai 



A, 



Substituting eq. 



and eq. ()135|) in eq. ()133p and after doing some algebra we have 

{y^.y^?' 



q^i = m\f 



r 



yfi y2 y^' 



This is consistent with the result ()123|1 . After substituting eq. ()134j) . eq. ()135|1 and eq. p3fi|) 
in eq. ()132j) we have 



S = m I dr 



y2 



y2 



(137) 



This action is precisely ()115j) . This action is also invariant under the deformed Poincare transfor- 
mations. For discussing the conformal transformations, the massless case has to be considered. 
In the form ()137p this is obviously not feasible. But this action is equivalently expressed in the 
form, 



S = I dT[^^iy,-X,y,r + X 



(138) 



where Ai, A2 are given in p34|l . p35|l . Here the m = limit is easily implemented. Following 
the Dirac analysis a pair of primary constraints is obtained. From the definition of the canonical 
momenta. 





^ 




^ 




1 


~ 2A^ 



{y^i - A2?/m) 



0. 



(139) 
(140) 

(141) 



The canonical Hamiltonian He is given by 



He = rc^r-L (142) 
= Xiq^ + \2y^q^.. (143) 

Time consistency of the primary constraints yields the secondary constraints, 

{7rA,,i/c;} = 0^g'^0 (144) 
{'K^,,Hc] = Q^y^q^,-Q. (145) 

The interesting point is that these constraints (which are basically the m = value of ()124p . 
p25|) ) are now first class. So the Poisson brackets remain valid. The Snyder algebra, which 
is obtained from the Dirac brackets, obviously does not arise here. Hence, for this action, 
invariance under deformations is not a meaningful issue. 

8 Conclusions 

Deformed conformal-Poincare symmetries compatible with Snyder algebra were obtained in an 
algebraic approach. This approach is quite general to include other types of noncommutative 
spaces. As an application we constructed dynamical models invariant under the deformed 
symmetries. From the dynamical content, a (classical) mapping among the basic variables in 
the Snyder and usual ( commutative) descriptions was abstracted. A Weyl ordering of the 
classical map provided its quantum version. This was explicitly verified by comparing the 
relevant commutators. From this map a differential (momentum) representation of the phase 
space operators in Snyder space was derived. 

An alternative action leading to the Snyder algebra was also given. The new point here 
was that the noncommutativity parameter 6 get identified with the mass m of a relativistic 

particle by m = \J The dispersion relation = m? remains valid but there is an inbuilt 

constraint enforcing a transversality condition that deforms the basic (Poisson) algebra to the 
Snyder form. 

Perhaps a point worth mentioning is that, in deriving the Snyder algebra from dynamical 
models, no gauge (or reparametrisation) fixing is required. Since the basic variable {y) is not 
reparametrisation invariant, obtaining the Snyder algebra in a specific gauge implies that it 
could be an artifact of the gauge. In this sense our derivation is conceptually clear than other 
approaches [23. 2,4. 25, 26j where gauge fixing is mandatory. 

As a future prospect we could construct field theory models with Snyder noncommutativity. 
An appropriate star product would have to be defined followed by demanding invariance under 
the deformed symmetries discussed here. 
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